We consider the measurement of two conjugate variables by coupling the system of interest to two independent probe modes. Our model consists of linearly coupled boson modes which can be realized by quantum optical elds in the rotating wave approximation. We approach the setup both as a device to extract observable information and to prepare an emerging quantum state. The initial states of the probe modes and the coupling are utilized to optimize the operation in the various regimes. In contrast to the Arthurs and Kelly ideal scheme Bell. Syst. Tech. J. 44, 725 (1965)], our more realistic coupling does not allow perfect operation but the ideal situations can be approximated closely. We discuss the conditions for maximum information transfer to the probe modes, information extraction with minimum disturbance of the system mode and optimal state preparation for subsequent measurements. The minimum disturbance operation can be made to approximate a non-demolition measurement especially when the information is carried in one quadrature component only. In the preparation mode, we nd that the recording accuracy of 1 the probe signals plays an essential role. We restrict the discussion to the rst and second moments only, but the method can easily be generalized to any situation. Choosing all modes to be in squeezed coherent states originally, we can carry out analytical considerations; other cases can be treated numerically. The results are presented and discussed in detail as the paradigm of a class of realizable measurements.
Introduction
The role of measurement in quantum theory di ers considerably from the classical one. The Heisenberg uncertainty principle restricts the simultaneous measurement of conjugate variables, for instance position and momentum, with arbitrary accuracy. Thus the knowledge of experimental outcomes is limited and likewise only a partial determination of the initial quantum state is possible. The matter of state preparation and quantum measurements has been widely discussed in the physics literature 1]. The simultaneous measurement of conjugate variables was addressed in the classic paper by Arthurs and Kelly 2] and discussed in some detail by Braunstein, Caves and Milburn 3] and Stenholm 4] .
In quantum optics, the quadrature components of the quantized radiation elds play the role of noncommuting conjugate variables. Their simultaneous determination has been the object of much experimental and theoretical e ort; for a review see Leonhardt and Paul 5] . Homodyne techniques 6] allow the selection of an arbitrary quadrature component as the observable, thus providing the experimentalist with the tool to select the observable. All the measurement schemes proposed have to face the additional noise from both used and unused ports of the system. The attempt to minimize the ill e ect of quantum noise is essential not only for measurement schemes but also in optical communication technology 7] . Measuring a signal without leaving any observable traces is the subject of nondemolition measurements 8]. In communication an evesdropper tries to achieve this and the signal receiver tries to detect it. In principle, a set of optical measurements is available, which allows the complete reconstruction of the quantum state of a signal 9, 10, 11] . This, however, requires a complete knowledge of all quadrature components of the signal, which may not be achievable in all physical situations.
In this paper we choose to approach the problem in a di erent manner, perhaps more modestly. We follow the lead suggested by Arthurs and Kelly 2] and couple the system of interest S brie y to two meter systems S 1 and S 2 . The coupling chosen by Arthurs and Kelly was in many ways optimal, but as shown in 4] it may be hard to realize experimentally. In this paper we choose a simpler, more physical interaction, which is fully realistic, but which will, consequently, be less optimal. The choice of the system is not really signi cant but both conceptually and technically it seems that coupled optical modes give a propitious model. This can be realized by ber optics, coupling devices and photon detectors. It has been shown recently 12] that any linear coupling can be realized using a proper combination of beam splitters and phase shifters, and these are just the elements developed by communication technology.
We look at a simple boson mode, creation operatorâ y , forming the system S. To provide two independent meter signals, we couple this mode symmetrically to two resonant probe signals S 1 and S 2 each described by photon creation operatorsâ y 1 andâ y 2 . In the rotating wave approximation the only linear coupling possible iŝ H = â(â y 1 +â y 2 ) +â y (â 1 +â 2 )]:
This Hamiltonian describes photon transfer from S into two meter channels S 1 and S 2 . Possible phases inĤ can be absorbed in the de nitions of the mode functions. We let the Hamiltonian (1) act for a time T and the time evolution operator becomes exp(?iĤT ); is in frequency units. The dimensionless coupling parameter becomes T. The same result can be achieved by replacing the coupling in (1) by the time dependent coupling function (t) = T (t); (2) this route was chosen in 4]. The two approaches are fully identical. The outline of the paper is as follows. In Sec. 2 we introduce the concept of measurement and preparation in the framework of the present model. The time evolution given by the Hamiltonian (1) is obtained in closed form in Sec. 3 and its consequences are evaluated. Some further aspects concerning the exact time evolution and its possible realization are given in the Appendix 1. The extraction of the physical information is carried out within the linear network formalism 13, 14] . This formalism was applied recently to study the properties of an inteferometer 15]. To allow analytic calculations as far as possible, we choose to describe the input mainly in terms of squeezed coherent states. However, our general approach is not limited to these special cases.
The application of the formalism to measurements is considered in Sec. 4. There we discuss maximum information extraction and non-demolition -like measurements. In Sec. 5 we apply our model as a device for state preparation. This is a complementary aspect of a measurement, any interaction transfering information between quantum systems can be utilized to extract knowledge relating to the state prior to the event, this is a proper measurement, or to infer properties of the system after the event, this is state preparation. This distinction was made early by Fock 16] . Finally we conclude the paper by a discussion in Sec. 6.
Setting up the problem
We consider a quantum system S described by the state vector j i. For the sake of concreteness we regard this as a mode of some quantum optics system. In order to extract the maximum information about this quantum state and be able to manipulate it, we couple the system S to two meter systems S 1 and S 2 using the Hamiltonian (1) for a nite time t. The meter systems are initially in the states j 1 i and j 2 i. After the interaction the state of the combined system is j (t)i =Û(t)j ij 1 ij 2 i 
We can now choose to measure one of the quadrature components on each of the systems S 1 and S 2 ; not both on either one. 
From this we can obtain the probability to observe a pair f 1 ; 2 g by tracing out the degrees of freedom in the system S P( 1 ; 2 ) = Tr S^ c ( 1 ; 2 )
where fjxig is a complete set of states in S and the measurement projector on the values f 1 ; 2 g is de ned as ( 1 ; 2 ) = j 1 ih 1 j j 2 ih 2 j:
The relations (5) and (8) are easily generalized to the case of a mixed state input.
With the de nitions introduced we can now formulate several physically relevant problems which we label:
I. Measurement
I.a Maximum information measurement
We try to extract the maximum information about the state j i from observations carried out on the systems S 1 and S 2 . This we can do by choosing the states j 1 i and j 2 i and the interaction strength, actually the dimensionless interaction time t. In doing this we do not care about the state of the system S after the interaction. In the Arthurs and Kelly scheme 2] the maximum information was seen to obliterate the incoming state completely, see 4], here we expect less drastic e ects.
I.b Minimum e ect measurement
In this approach we try to choose the states j 1 i , j 2 i and the interaction strength such that, while we extract information about j i, we change its characteristics as little as possible; we attempt a non-demolition -like measurement in the sense of observing the state without a ecting it. This is the problem of the evesdropper in communication theory.
II. Preparation
After having recorded the values 1 and 2 , we know that the conditional state of the system is given by^ c ( 1 ; 2 ) in (5 (12) gives all information about the state of the system S prepared after the interaction event.
In the following sections of this paper we will address the problems Ia,b and II in a systematic way. In order to be speci c, we restict our discussion to the rst and second moments of the observables, in many cases of physical interest this su cies, but the theoretical treatment presented can easily be extended to other properties. 
The two independent modes fâ 1 ;â 2 g also combine into the independent boson vari-
It is easy to see that theÂ andB modes are independent, Â ;B y ] = 0. If we introduce the time evolution induced by (13) in the Heisenberg picturê
a(t) = exp(iĤt)â(0) exp(?iĤt) (18) we obtain the equations
The rst equation (19) is trivially integrated B(t) =B(0);
and the two remaining coupled equations together with the proper initial conditions giveÂ 
Further detailed properties of the time evolution ( 
we can write the relation (26) as the input-output relation y = Lx:
In equations (27){(30) the primed quantities are the quadrature components, which are assumed to be measurable using suitable mixing schemes. To be able to handle these separately we interpret x and y as 6-component real vectors The linear transformation in (31) then becomes a (real) 6x6 matrix L = 2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4 cos( ) 0 0 
Combining this with the linear relationship (31) for the averages of the signals we can obtain all the rst and second moments in terms of the matrices L and A.
To investigate these the use of a Gaussian input function appears to su ce. The method does, however, allow us to use any arbitrary input function. 
Detection
The easiest way to obtain information about hxi = (hx 0 i+ihx 00 i)= p 2 is according to 
we see that the results (48){(49) imply the standard quantum limit of 1 2 noise photon at the device input. This occurs in spite of the fact that we use two modes for the observation. The physical reason for this is that our scheme utilizes only one degree of freedom of the system, the mode (14) . The independent mode (15) does not contribute to the observables, hence its noise does not a ect the accuracy of the measurement.
If we now optimize the linear transfer (50) by setting sin( ) = 1, we nd that s 1 = s 2 and the meter modes degenerate into the ordinary vacuum. As this implies the quantum limit (48){(49), we see that squeezing the meter modes does not improve the noise properties of the system, and a simple beam splitter arrangement, like e.g. in 17], is optimal, and we can apply our system in this regime.
In the discussion above, we assumed that the orientation of the squeezing of 
From these equations we can conclude that by coupling the meter system weakly through the coupling p 2 , we can still get the information about hxi with only
here the transmission 1 + O( 2 ), but the added noise caused by the read out corresponds to one whole photon. This may be ascribed alternatively to the input or the output because the transfer function is unity. Thus, the reading of both components hx 0 i and hx 00 i through the systems S 1 and S 2 does cost the signal twice the amount of noise a ecting the two separate readings. This conclusion agrees with our intuitive picture of the noise consequences accompanying transfer of information from S ?! S 1 and S ?! S 2 .
For signal transmission by squeezed states we may be able to do better. If the signal we want to transfer is carried in the component hx 0 i only, with a noise s 1, then we want to read this signal in hy 00 2 i (Eq. (42) 
Thus, in fact, a suitable choise of will make the output signal component narrower than the input. As we assume s 1 and s 2 to be at our disposal, they can, in principle, be chosen to satisfy (75). In practice, however, it may not be easy to achieve this situation. Our conclusion is that, when we restrict our observations to one quadrature component only, the quantum non-demolition limit can be approached arbitrarily close. This, however, is the aim of all such schemes, and thus we conclude that it can be achieved asymptotically in the present setup.
Preparation
We are now going to look at the performance of our system from a di erent point of view. Assuming that we record some observation on the systems S 1 and S 2 , what are the properties of the system S emerging from the process? This implies that we regard the readings as pointers which carry information about the outgoing system, and by selecting those cases, where some chosen values are obtained, we can prepare a system with desired properties. The interaction acts as a lter for later measurements.
In addition to the quantum restrictions on observing S 1 and S 2 , we add the e ect of the nite resolution of the meter readings. These are assumed to be characterized by the error functions (11) , and the reduced density operator for the system S after recording the values f 0 1 ; 0 2 g is given by Eq. (12). For Gaussian input states, all integrals can be carried out analytically. It is, however, easy to perform numerical calculations for other cases.
With an input Wigner function given by (37) we obtain the output conditional distribution W(y 0 ; y 00 jy 0 1 ; y 00 2 ) = Z 
From these we can distinguish two e ects: the initial components are narrowed or broadened by the interaction (factors h y 002 i (s ?1 =2) and h y 02 i (s=2) ), and further a ected by the measurement (the rest of the equations). If a component is narrowed already in the interaction, the preparation quality factor is less than unity even for zero correlations and large detection resolution 2 i ; having correlations and accurate detection will improve the result further. Naturally only one component can be narrowed by the interaction, this is just the Heisenberg uncertainity principle.
There may, however, be cases when the component of interest is rst broadened by the interaction. This may happen if the amount of squeezing in the meter modes is limited below that of the signal mode. Also when we want to maximize the correlations, i.e. achive the equalities from the relations 
The resolution 2 2 must be smaller than the noise h y 002 2 i in the recorded meter signal by an amount larger than the relative broadening of y 0 in the interaction.
This conclusion agrees with our intuition. Gaining information about the system S with accuracy 2 can be used to narrow down the uncertainity range of some variable related to S. For a bad measurement, 2 ?! 1, the observation does not, even with optimum correlations, give any improvement over the result without observation.
If we take a look at the shift parameters Y 1 and Y 2 , we nd that choosing the optimal correlations in Eqs. 
From these equations we can observe that the sensitivity factor between the recorded observation y 00 2 and the achieved shift Y 2 is h y 02 i h y 0 y 00 2 i h y 0 y 00 2 i h y 002 2 i :
but from Eq. (98) we see that we cannot make h y 002 2 i arbitrarily small and still improve the resolution. Thus the sensitivity factors in (99){(100) are limited by the recording accuracies i . However, the parameters hy 0 1 i and hy 00 2 i can always be utilized to shift the center of the prepared state at will.
Conclusions
We have considered the interaction of one quantum mode with two probe modes in order to investigate the working of this system as a combined detection-preparation device. The probe modes are subjected to observations and the possible in uences on the state of the system mode are evaluated. If we discuss the state before interaction, we perform a measurement; discussing the state after the interaction we perform state preparation. In order to simplify the calculations we consider pure states that are squeezed coherent states. The analysis utilizes the formalism of linear optical networks developed earlier 13, 14] . As long as the transformation between the input and output modes remains linear, the formalism can be applied to input states of any type. For Hamiltonians bilinear in the photon operators, the transfer function is guaranteed to be linear. Such systems can usually be realized by beam splitter arrangements. The simple coupling model assumed, Eq. (1), can act as a detector, a nondemolition setup or a state preparation device. The role of quantum uctuations is di erent in each of these cases. Consequently, the criteria chosen for optimal operation are di erent, and we have to consider each case separately. Also the optimal operating conditions di er and each case carries its own characteristic features.
If optimal detection sensitivity is the goal, see Sec. 4, it turns out that the setup operates no better than the use of a simple beam splitter. The probe modes should be chosen as unsqueezed vacuum states; squeezing does not improve the performance. If we want to a ect the system mode as little as possible, we want as complete a non-demolition measurement as possible, the two probe modes have to interact only weakly with the system mode. In order to obtain maximum information, the probe modes need to be squeezed. When we choose to carry the signal information in one squeezed quadrature mode, the weak coupling of probe modes can be used to tap the information with asymptotically no degradation of the signal mode. However, the weak coupling gives only a small transfer of information to the probe and reading of this will involve its own noise sources. These are not discussed in the present paper.
When we consider the observation of the probe modes as a state preparation, we need to include the read-out accuracy of the observations. These are considered in Sec. 5. For squeezed coherent inputs, the choice of Gaussian error functions allows analytic calculations of the output distribution functions. We have discussed how to select the parameters of the system in order to achieve desired properties of the output. We nd that it is necessary to correlate the system mode after the interaction with the probe modes if we want to steer the manipulated output into a desired form. The preparation of such a signal con guration may be a non-trivial task; see Appendix 2. It is, however, possible to position the output at will and narrow down its uncertainity. This is due to the acquisition of information by the reading of the probe modes. We discuss the role of the measurement accuracy in achieving this goal.
In the previous work 4] the Arthurs and Kelly scheme 2] was utilized to achieve optimal information transfer between the system mode and the probes. This follows from the form of the interaction H = (t) 1xp1 + 2pp2 ]; (102) where the information about the positionx is transferred to the meter variablex 1 and the information about the momentump to the meter variablex 2 . This directly generalizes the measurement scheme suggested by von Neumann 18] . In Ref. 4] it was shown that an optical realization of the asymmetric coupling (102) is rather complicated. Thus we have chosen to discuss the coupling (1), where the two modes appear in a fully symmetric way.
The advantage with the symmetric interaction (1) is that it is easily realizable in optical devices. The rotating-wave -form eliminates the need for idler modes providing energy conservation and the conservation of photon number allows the realization in terms of passive optical networks. In fact, a setup consisting of beam splitters and phase shifters su ces; see the discussion in Appendix 1 and Ref. 12] .
In the symmetric Hamiltonian (1), the probe modes do not, however, act in an ideal way as in the case (102). When we squeeze the mode S 1 , for instance, in order to achieve maximum information about one quadrature component of S, the extra noise generated by the acquisition of information is transferred to the second probe mode S 2 which carries the information about the conjugate component of S. Thus the optimal result obtainable with (102) cannot be achieved, and perfection can only be approached asymptotically. This is the price we have to pay when we use the realistic interaction (1) to probe the quantum properties of the system S with two independent probe systems. The advantage is, however, that we may easily construct the setup in the laboratory from standard optical components.
We see that the evolution operator can be split into the action of at most three simpler operators. Each of these operators can be realized by a beam splitter. From a physical point of view this means that at any moment the unitary transformation generated by the original Hamiltonian can be represented by an arrangement of three beam splitters and additional phase shifters as presented in Fig. 1 
This corresponds to probe modes being in squeezed vacua with squeezing parameters 1 , 2 . The signal mode has the coherent amplitude and the squeeze parameter . Let us consider the special case when the time is set to = 2 , i.e. sin( ) = 1; cos( ) = 0. At that time the state of the system is described by j ij 1 
All the information about the signal has now been transferred to the amplitudes of the probe modes described byâ y 1 ;â y 2 . Also the squeezing parameter now a ects only the squeezing properties of the probe modes. These and other features of (114) are easily explained, if we consider one possible experimental setup for the transformation used, namely a particular arrangement of beam splitters and phase shifters. According to the discussion in the beginning of this Appendix (compare also to 12]) the maximum number of beam splitters needed is three (see Fig:1 
and it can be checked that the input and output ports are ordered in the right way; 
Interpreting this relation in terms of the arrangement in Fig:1 , we nd that the beam splitter 1 is totally re ecting and the beam splitters 2 and 3 are 50/50 transmitting. It is then easy to see that the beam splitter 1 can be eliminated and the setup corresponds to the simpler one shown in Fig:2 . Figure 2 explains why all the information about x is transferred to y 1 ; y 2 . If we choose in (114) 1 = ? 2 , y will not be squeezed at all and the squeezing of y 1 ; y 2 will depend only on the parameter ; vacuum is mixed with x and the system reduces to one beam splitter. This is the optimal case found for detection in section 4.1.
Appendix 2: Correlation Maximization
We discuss how well we can achieve the optimum correlations possible between the system and the probe modes, i. 
This means that for weak coupling we can approach the optimum correlations for both components y 0 and y 00 simultaneously. In this regime of the coupling our setup acts as a preparation device which can modify both quadratures of a signal; the existence of two probe modes is fully utilized. 
to minimize. Now choosing parameters which produce strong correlations for one quadrature will lead to weak correlations for the other. In other words, in the limit of strong coupling, our setup can prepare only one component of the signal e ectively. This is related to the fact that, for the coupling = =2, the setup reduces to only one or two beam splitters, which was discussed in the special case of Appendix 1, and in Sec. 4.1 where detection of a signal was considered. we need only two beam splitters.
